ASYMPTOTIC ANALYSIS FOR SCATTERING OFF
ONE-DIMENSIONAL COMPACTLY SUPPORTED WEAK
POTENTIALS

ZHIYU WANG

ABSTRACT. For a compactly supported g € L!(0,c0), consider —u"" —
k?qu = k*u on the half-line with u/(0) = vu(0). The boundary quotient
defined by the regular solution has a removable threshold singularity and
a convergent low-energy series; an explicit Volterra recursion computes
every coefficient. For real data we prove an exact finite-difference identity
for two coefficients and determine the optimal Lipschitz modulus on real

L1-balls:
2k3 v 2
ulky) = o Hcos(k~) +3 sm(k~)Hm (14 Oumr(K)),

uniformly for all real v. This is the sharp crossover between cubic fixed-
Robin and linear Neumann sensitivity.

The principal result treats families outside bounded L!-sets. If real
V, W satisfy gy = k"'V + W + 0;1(1) and v(k) = ak + pk? + o(k?), write
Qi(f) = fOR x/ f(x) dx, let J denote the ordered quadratic form defined
below, and put

a=a-Q(V), T=QuW)-p+(2a—Q(V))QA(V)-T(V).
Then i—a 2il’
m + ((1 +i)2k + O(k)
For g; = k~7V, the generic critical exponentis v = 1. If V # 0 is real and
Qo(V) =0, itshiftstoy = 3/2, where J (V) = — fOR(fOX V(t)dt)?dx < 0.
The same normal form resums the leading term of every Born coefficient.

Sur) (K 9x) =

1. INTRODUCTION
Let R > 0 and let
Qr := {q € L'(0,0;C) : g = 0 almost everywhere on (R, ) }.

For g € Qg, a spectral parameter k € C, and a boundary parameter v € R,
we consider

—u"(x) — Kq(x)u(x) = Ku(x), x>0, (1.1)
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subject to

u'(0) = vu(0). (1.2)
Equation (1.1) is a one-dimensional Sturm-Liouville equation whose com-
pact perturbation depends quadratically on the spectral parameter. It is
equivalent to

u’ +k*(1+q)u=0.
The weak-potential regime in the title means that
qg=2¢V, V € Qg, (1.3)

with € near zero. Most of the analysis is first carried out for an arbitrary
q € Qg; the specialization (1.3) then produces a convergent perturbation
theory in the coefficient as well as in k.

For x > R, equation (1.1) is free, so every solution is a linear combination
of ¢** and e~** when k # 0. We define S,(k;q) by requiring a nonzero
solution of (1.1)—(1.2) to have the normalization

u(x,k;q) = ek 4 Sy(k;q)e’ik", x > R. (1.4)

For real k # 0, real g, and real v, this normalization is always possible
and |Sy(k;q)] = 1. We use the term scattering coefficient for this scalar
quotient, but the arguments below are formulated entirely in terms of regular
solutions, Wronskians, Volterra operators, and holomorphic maps between
Banach spaces. For complex-valued g, this normalization is used only when
the coefficient of ¢** is nonzero; elsewhere S, is understood through the
meromorphic boundary quotient derived below.

The low-energy point k = 0 is singular at the level of the exterior basis,
because the two exponentials coalesce. It is nevertheless regular for the
quotient after one identifies the correct common factor. The distinction
between v # 0 and v = 0 is encoded in the zero-energy regular solution
1+ vx. The main results of the paper can be summarized as follows.

(1) The scattering coefficient has the exact representation

iwrikFy (k;q) — Gu(k; q)
SV k/ = EZIkR? v 7
(kq) ikE, (k;q) + Gy (k; q)

where F, and G, are the value and derivative at R of the regular
solution.

(2) The maps F, and G, are even entire functions of k. For q = €V,
they are jointly entire in (k,&). The quotient is holomorphic near
k = 0 after cancellation of a single factor in the Neumann case.
Its expansion is therefore convergent and admits ordinary Cauchy
remainder estimates.

(3) A Volterra recursion computes the regular-solution coefficients, and a
quotient recursion then computes every Taylor coefficient of S,. The
first terms are given explicitly through cubic order. In the Neumann
case the cubic coefficient contains a quadratic ordered moment of 4.
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(4) The map q — S, (k; q) is Fréchet holomorphic on every region on
which the denominator is nonzero. Its derivative in the direction
h e Q R 1S

2ik382ikR R )
D,S,(k;q)[h] = (lkFV+Gy)2/o h(x)¢py(x,k; q)~ dx.

We also prove the exact nonlinear identity

2i k3 eZikR R

Sv(k;q1) — Su(k; q0) = “DiDs Jo (91 — qo)p1¢po dx,

and its simultaneous boundary-parameter extension. These formulas
give the first Born term, phase monotonicity, and exact coefficient—
boundary compensation.

(5) On the real L!-ball of radius M, the optimal global Lipschitz modulus
is the supremum of the exact derivative norm and satisfies, uniformly
for every real v,

2k3 v, 2
7z |[cos(ke) + g sin(k)|| (1+Omr(k)).
We determine its next coefficient when v = ak + Bk>.
(6) If v/k — « € R while g remains L'-bounded, then

i—uw
i+a
For the exact scale v = ak, the next term is

2iQo R
(Dé +1)2k1 QO - /0 q.
Thus the fixed-Robin and Neumann expansions are two nonuniform
limits of one two-parameter law.

(7) For real V, W in the singular family gy = k~'V + W + 0;:(1) and
v(k) = ak + Bk? + o(k?), the limiting Cayley parameter is renormal-
ized from « to & — [V, and we compute the first profile-sensitive
correction. For a real nonzero profile in the power family g, = k~"V,
the resulting critical exponent is 1 when [V # 0, and 3/2 when
Jv=o.

Compactly supported one-dimensional coefficient problems and their
inverse maps are classical; see, for example, [5, 3, 17]. Analytic expansions
of regular Sturm-Liouville solutions in the spectral parameter, including
recursive spectral-parameter power series, are also well established [11, 12].
Related energy-dependent inverse problems are studied in [8, 7, 10]. For
low-energy scattering in one dimension, see [4]; for half-line operators with
general self-adjoint endpoint conditions, see [1, 2]. Robin endpoint functions
also occur in [6]. Low-frequency expansions for one-dimensional Helmholtz
equations, including half-line problems with frequency-dependent Robin
data, were obtained by Loran and Mostafazadeh [13]. After translating

EM(k, 1/) =

Sv(k;q) —
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conventions—in particular, their reflection coefficient is S, ! in the present
normalization—their equation (61) in the bounded, piecewise-continuous
coefficient class contains the transition limit and the first two bounded-
coefficient transition terms recorded below. We therefore do not claim
novelty for those coefficients, nor for spectral-parameter power series or
Fréchet linearization as such. Our Volterra formulation places the quotient
calculus in an L! setting and supplies the exact finite perturbation identity
and sharp stability constants.

The linear energy-dependent pencil underlying the singular family is
part of the model class studied by Hryniv and Manko [7], under different
structural hypotheses; we do not claim invention of that pencil. The singular
critical families in Section 10.1, for which k?(1 + g¢) = kV + O(k?), lie
outside the locally uniformly bounded coefficient hypothesis used in [13].
For this half-line quotient, the author is not aware of prior statements of
the coefficient-boundary double-scaling normal form, its ordered-moment
correction, the mean-zero critical class, or the sharp L! crossover modulus.
General background may be found in [15, 18].

The paper is organized as follows. Section 2 records the weighted Sturm-
Liouville interpretation and the zero-energy resonance. Section 3 derives
the exact quotient. Section 4 proves analytic dependence and quantitative
Volterra bounds. Section 5 resolves the threshold. Sections 6 and 7 give
the all-order recursion and explicit coefficients. Section 8 develops exact
coefficient variation, phase monotonicity, and sharp stability; Section 9 treats
the Born expansion. Section 10 first recalls the bounded-coefficient Robin—
Neumann transition and then proves the singular critical-contrast results.
Section 11 relates convergence radii to zeros of the boundary denominator.
An exactly solvable coefficient is considered in Section 12, and Section 13
records consequences and limitations. The appendices contain coefficient
algebra and a weighted-Sobolev a posteriori estimate.

2. WEIGHTED STURM-LIOUVILLE REALIZATION

The scattering coefficient can be developed under the minimal assump-
tion g € Og. Before doing so, it is useful to record the operator-theoretic
meaning of the threshold when the coefficient has the additional properties

g€ L*(0,R;R), w:=14g>c¢ >0 almosteverywhere. (2.1)
In this subsection only, let
Heo = L2((0,00), w(x) dx).

The norms of H,, and L?(0, c0) are equivalent because w is bounded above
and below and equals one for x > R.
Forv € R, consider the form

ay[u,v] = /Ooo u' (x)v' (x) dx + vu(0)v(0), dom(a,) = H'(0,00). (2.2)
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The trace inequality
u(O)] < oll'||7 + Collulz,  6>0, 23)

shows that a, is densely defined, closed, and bounded from below in H.
The first representation theorem [9] therefore determines a self-adjoint oper-
ator Hy 4.

Proposition 2.1 (Operator realization). Under (2.1), the operator associated
with (2.2) is
H,ou=—w ", (2.4)
with domain
dom(H,,») = {u € H'(0,00) : ' € ACjoc[0, ),

w " € Hy, u'(0) =vu(0)}. @)

Moreover,

Oess (Hv,w) = [0/ oo),
and the spectrum below zero is discrete with finite multiplicities and can accumulate
only at zero.

Proof. If u lies in the operator domain supplied by the representation theo-
rem, testing against compactly supported smooth functions gives H, ,u =
—w~ 1" distributionally. The stated local regularity follows in one dimen-
sion. Integration by parts gives

/oo(—u”)@ dx = /oo u'v’ dx + u'(0)0(0).
0 0

Comparison with (2.2) yields u’(0) = vu(0), and the converse follows from
the same identity.

Impose an additional Dirichlet condition at R. The resulting decoupled
operator is the orthogonal sum of a regular Sturm-Liouville operator on
(0,R), which has compact resolvent, and the free Dirichlet Laplacian on
(R, ). Restoring the two matching conditions at R changes the resolvent
by an operator of rank at most two. The essential spectrum is therefore
[0, 00). Standard self-adjoint spectral theory then implies that the spectrum
outside [0, c0) is discrete with finite multiplicities. Semiboundedness ex-
cludes accumulation at —oo, so its only possible accumulation point is 0;
see [16, 15]. O

The spectral equation H, ,u = k?u is precisely
—u" = Kwu,
which is (1.1). Atk = 0, every solution is affine:
u(x) =a+ bx.

Imposing the Robin condition gives b = va. This elementary observation
distinguishes the Neumann endpoint.
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Proposition 2.2 (Zero-energy resonance). Under (2.1), the differential equation
—u" =0

has a nonzero bounded solution satisfying u’(0) = vu(0) if and only if v = 0. In
that case every bounded solution satisfying the boundary condition is constant.

Proof. At zero energy the coefficient w disappears from the differential equa-
tion, so u = a + bx. The boundary condition gives b = va. If v = 0, any
nonzero constant is a bounded solution. If v # 0, a nonzero solution satis-
tying the boundary condition grows linearly; the only bounded solution is
Zero. U

Remark 2.3. The bounded Neumann solution is not an element of H,, and
hence is not an eigenfunction of H, ;. In the one-dimensional terminology
used here, it is a zero-energy resonance. The different values S,(0;9) =
—1 for v # 0 and Sp(0;q) = 1 derived below are the quotient-theoretic
manifestation of this resonance. No positivity assumption such as (2.1) is
needed for the analytic proofs.

3. THE REGULAR SOLUTION AND THE BOUNDARY QUOTIENT

We use the following minimal notion of solution. A function u on [0, c0)
is a solution of (1.1) if u € C!([0,0)), its first derivative is locally absolutely
continuous, and the equation holds almost everywhere. These conditions

1
are natural for g € L.

Definition 3.1 (Regular solution). For g € Qr and k,v € C, let ¢, (-, k; q) be
the solution determined by

90 k) =1, $,(0kq)=v. (3.1)
Its endpoint data are denoted by
F(kq) = gu(R k:q),  Gulkq) = ¢y (R k;q). (3.2)

Existence and uniqueness follow either from standard linear ordinary
differential equation theory or directly from the Volterra construction in
Section 4. For x > R and k # 0, write

Pu(x,k;q) = Au(k;q)e"™ + By (k; q)e ™™, (33)
Proposition 3.2 (Exact quotient formula). For k # 0,
—ikR
Aulk;q) = S (ikFo(k:9) + Gu(k: ), (3.4)
(kR
Bu(k;q) = 5 (kR (ki q) — Gu(k;q))- (3.5)

If q,v,k are real and k # 0O, then A, (k; q) # 0, the normalization (1.4) is unique,

e ikF, (k;q) — Gu(k; q)
. 2ikR LV K7 4 v q
Su(k;q) =e E,(k q) + G (k:q) (3.6)
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Proof. Matching (3.3) and its derivative at R gives

eikR efikR Av B Fl/
ikekR  —ike=*R J \'B, ] — \G, )"

The determinant is —2ik, and inversion yields (3.4)—(3.5). If the data are
real and ikF, + G, = 0, then its real and imaginary parts give F, = G, =0,
which contradicts uniqueness for the Cauchy problem at R. Thus A, # 0.
Dividing the regular solution by A, gives (1.4), with S, = B,/A,, and
proves (3.6). 0

Proposition 3.3 (Reality symmetry and unitarity). Let ¢ € Qr and v € R be
real. For every real k # 0,

’Sv{ki4)| =1, SV(_kr"J) = SV(k?q) = SV(k?Q)il- (3.7)

Proof. The regular solution and both endpoint data are real for real param-
eters. The numerator in (3.6) is the negative of the complex conjugate of
the denominator. The exponential prefactor has modulus one, and hence
|Sy| = 1. The equation and the regular data are unchanged by replacing k
with —k, so F, and G, are even functions of k. Substitution in (3.6) gives the
remaining identities. O

Corollary 3.4 (The free endpoint). For g =0,

ik —v

Sfree () := S, (k; 0) = T (3.8)
In particular, S&e¢ = 1.
Proof. The free regular solution is
free (x, k) = cos(kx) + % sin(kx), (3.9)
where the quotient is continued at k = 0. A direct calculation gives
ikFiree (k) 4 Giree (k) = (v + ik)e*R. (3.10)
Formula (3.8) follows from (3.6). O

Remark 3.5 (Choice of support bound). The number R need not be the
smallest support radius. If R is replaced by a larger number, the endpoint
vector is propagated through a free interval. Formula (3.6) is unchanged
because the resulting phase is exactly cancelled by ¢?*R.

Remark 3.6 (Dirichlet endpoint). The Dirichlet condition 1#(0) = 0 is handled
by the regular data ¢(0,k) = 0, ¢'(0,k) = 1. Formula (3.6) remains valid
and gives Sp(0) = —1. Dirichlet data are a separate boundary condition, not
literally a finite Robin parameter, although suitable large-|v| limits recover
them.
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4. VOLTERRA OPERATORS AND ANALYTIC DEPENDENCE

Integrating the differential equation twice and imposing (3.1) gives
¢y (x,k;q) =1+ vx — Kk /Ox(x — 1) (1 +q(t))pu(t, k; q) dt. (4.1)
Let X = C([0, R]), with the supremum norm, and define
MA@ = [ (=D +ale) D dt @2)
For x € [0, R], put
My(x)i= [(1+a)]dt, M= My(R),

Lemma 4.1 (Iterated Volterra bounds). Form > 1, f € X, and x € [0, R],
R"™Mg(x)™

V7)< 1w, 4
m—1 )"
V) (0)] < 1o S tal2) m

Proof. After m iterations, the integration variables lie in the ordered simplex
O<ty <--- <t <x.
Every difference introduced by a kernel x — t is bounded by R. Remov-

ing these differences leaves the product measure [T |1 + ¢(t;)| dt;, whose

integral over the ordered simplex is M, (x)" /m!. This proves (4.3). Differen-
tiation removes the outermost difference factor and gives (4.4). O

Theorem 4.2 (Entire dependence on the spectral parameter). For fixed q €
Qr, v € C,and x € [0, R], the functions

k— ¢u(x,k;q),  k— ¢, (x,kq)

are even entire functions. The series

[ee]

oo kiq) =} (—R)"Vi (1 +vx) (4.5)
m=0
and its once-differentiated series converge uniformly for x € [0, R] and k in compact
subsets of C. Moreover,

v (- Kk 9)]leo < (14 |V|R) exp(k|*RM,). (4.6)

Proof. Lemma 4.1 majorizes (4.5) by the exponential series in (4.6). The
differentiated series is locally uniformly convergent by (4.4). Consequently
the sum belongs to C'([0, R]), satisfies (4.1), and is unique by the usual
Volterra iteration argument. Uniform convergence on compact subsets of C
proves entire dependence. Only even powers of k occur. O

The weak-coupling parameter is not merely formal.
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Theorem 4.3 (Joint entire dependence). Fix V € Qg, v € C, and x € [0, R].
For q = €V, the maps

(k, &) — ¢u(x,k; V), (k, &) — ¢, (x,k;€V)

are entire on C2. The assertion is locally uniform in x, and hence the endpoint data
F,(k;eV) and G, (k; eV) are entire on C2.

Proof. For q = €V, each term V(1 + vx) in (4.5) is a polynomial in & of
degree at most m. On a compact subset on which |e| < E,

Mey < R+ E[[V|l110,r)-

The estimates in Lemma 4.1 therefore give locally uniform convergence in
(k,€). The Weierstrass theorem in several complex variables proves joint
holomorphy, and an entire function results because the compact set was
arbitrary. The same argument applies after one differentiation in x. O

Proposition 4.4 (Continuity with respect to the coefficient). Fix compact sets
KC Cand N C C,and M > 0. There is a constant C = C(K, N, M, R) such
that, whenever

keK, veN, qi,92 € Qr, H%’HLI <M,
one has
o (- k1) = o (- ka2 llcrory < CIkPIg1 = g2llor) (47)

Proof. Subtracting the two Volterra equations gives
gy — gy = — k2vth (qblh - (Pfh)
"X
—& [ (=m0 = ga(0)en (1)

The inhomogeneous term is bounded in C! by Co|k|?||q1 — g2]|1, uniformly
on the stated sets, by (4.6). Resolving the Volterra equation by its uniformly
bounded Neumann series proves (4.7). 0

5. THE THRESHOLD AS A REMOVABLE SINGULARITY
Introduce the entire endpoint combinations
Dy (k;q) :=ikF,(k;q) + Gy (k; q), Ny(k;q) :=ikF,(k;q) — Gy (k; q). (5.1)
For k # 0, formula (3.6) reads
Ny (k; q)

DV(k?Q)‘

Theorem 4.2 makes this a meromorphic continuation to the complex k-plane.
We now show that the origin is never a pole.

Sv(k’,q) — eZikR
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Theorem 5.1 (Analyticity at the threshold). Let g € Qr and v € R. The
meromorphic boundary quotient
2ikR N, (k; q)
Dy(k;q)’
defined wherever its denominator is nonzero, is holomorphic in a neighborhood of
k = 0. Its threshold value is

Sv(0;9) = {
For g = €V, this continuation is jointly holomorphic in (k,€) near every point
(0, S()) € C2
Proof. Atk = 0, the regular solution is 1 + vx, independently of 4. Hence

F,(0;9) =1+ VR, Gy (0;9) = v. (5.3)

If v # 0, then D,(0;q) = v # 0, so the quotient is holomorphic and has
value —1.
Suppose now that v = 0. Differentiating (4.1) in x gives

R
Golki) = =k [ (1+q(1)gnlt ki) . (5.4)

-1, v#Q,

5.2
1, v=0. (52)

Thus
~ ~ R
Golkig) = RGolkia),  Gollkia) == [ (1+aO)pu(t ki)t (55)

where @0 is even and entire. Cancelling the common factor k in (3.6) yields

So(k’q) — eZikR%FO(k; q) — k?’\o(k’q) (56)

iFo(k;q) + kGo(k; q)
The denominator equals i at the origin, and (5.2) follows. For g = €V,
Theorem 4.3 makes every function used above jointly entire, and the same
nonvanishing arguments hold near (0, ). O

Corollary 5.2 (Convergent expansions and remainders). For fixed g € Qg
and v € R, there are r > 0 and coefficients s, (v; q) such that

Sv(k;q) = Z su(v; q)K", k| < r, (5.7)
n=0

with absolute and locally uniform convergence. For every N > 0, there is Cy > 0
such that

N
Su(k;q) — Y su(v;q)K"| < CnJk[N T, k| < =. (5.8)
n=0

N =

If g = €V, then on a sufficiently small polydisc
Su(k;eV) =Y sun(v; V)K" (5.9)

m,n>0
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with locally absolute convergence. Rectangular truncations satisfy

y(k;eV) Z Zsmn v; V)emk" = O(|e|MT + |k|N T (5.10)

m=0n=

on every smaller polydisc.

Proof. The assertions are standard consequences of one- and several-variable
holomorphy. For completeness, choose circles of radii r and p contained in
the domain of holomorphy. Cauchy’s integral formula bounds the coeffi-
cients by

Suplkl:r, ‘E‘:P|SV (k, SV)’
|Simu| < e :
prr

Summing the resulting geometric tails on a smaller polydisc proves (5.8)
and (5.10).

Remark 5.3. Thus the low-energy expansion is genuinely convergent; no
k-dependent matching interval is required.

The threshold jump in (5.2) is already present in the free problem. It is
therefore useful to remove the endpoint contribution.

Definition 5.4 (Boundary-normalized coefficient). For v # 0, define

S, (k;
Sk q) = Sfrge (Z; (5.11)

For v =0, put #(k;q) := So(k; q).
For fixed real v, the function .7, is holomorphic near zero and
(0;9) = 1. (5.12)

This is the quotient in which the first coefficient depending on g has an
invariant interpretation.

Proposition 5.5 (Coefficient constraints). Let g and v be real, and let s, =
sn(v;q) be as in (5.7). Then

5= (—1)"s,. (5.13)

Thus the even coefficients are real and the odd coefficients are purely imaginary. In
addition,

Zn; = n>1. (5.14)

Proof. The identity S,(—k;q) = Sy (k; q) holds for real k and extends to the
Taylor coefficients at zero, giving (5.13). Expanding S, (k;q)S,(k;q) = 1 for
real k and comparing coefficients gives (5.14). 0
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6. AN ALL-ORDER COEFFICIENT RECURSION

The analyticity theorem proves the existence of the expansion. We now
make it constructive. Define

po(x;v,q9) :=1+vx,

puiva) =~ [ 00+ gpua v, w1 O
Then -
¢u(x,Kq) = Y pum(x;v, Q)K" 6.2)
Let "
an(v;q) == pm(R;v,q),  bu(v;q) := pu(R;v,q). (6.3)

In particular,

R
bo(vig) = v, bu(viq) = = [ A+ aO)pus(bv.g)dt (m=1),
(6.4)
and

Fi(k;q) = Zoam(v;q)kzm, Gy(k;q) = Zobm(v;q)kzm. (6.5)

Proposition 6.1 (Bounds for the regular coefficients). For m > 1,

m m

pm (50,9l < (1 [VIR)— -, (6:6)

m—1pm

P 5w, @0 < (14 [y|R) —— 67)

Consequently, the series (6.2) and (6.5) converge for every k € C.

Proof. By (6.1),
pm = (—1)"VJ"(1 +vx).
The result follows immediately from Lemma 4.1. O

To pass from a,,, by, to the coefficients of S,, we use ordinary division of
convergent power series. The Neumann case must be divided only after
removal of the common factor k.

Theorem 6.2 (All-order scattering recursion). Let s, (v;q) be defined by (5.7).
Ifv # 0, define, for m > 0,

dom = bw(v;q),  doms1 = 1am(v;q),

. 6.8
eom = —bw(v;q), exms1 = ian(v;q). ©9)
If v = 0, define instead

do = iﬂm(OWI)/ d2m+1 = bm+1(0; EI)/ (6 9)

€om = iam(O}Q)r €m+1 = _bm—H (O/q)
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In either case dy # 0. Set

[A) 1 n
= hi=— e, — i |, > 1. 1
€= 1 c i (e ]Z;d]c ]> n (6.10)
Then
n . ]
sn(Vv;q) =) (2;1,2) Cuj 1 >0 (6.11)
j=0 )

Proof. For v # 0, the definitions (6.8) are exactly the coefficients of

k;q) = i d, k", Ny(k;q) = i e k".
n=0 n=0

Heredy =v.If N, /D, =) c,k", comparison in
(Z d]‘k/) (Z Cgk€> = Z Enkn
j>0 >0 n>0
gives (6.10).
Forv =0, bp(0;9) = 0, and (5.5) permits cancellation of k. Explicitly,

1Y a0,k — Y bysa (0;9)K2" !

No(k;q) _ m>0 m>0
Do(k;q) 1Y am(0;9)k®™ + Y byugr (0; )K"+
m>0 m>0

This is (6.9), with dy = i. Finally, multiplication by the Taylor series of e2ikR
gives (6.11). O

Remark 6.3. The recursion consists of three explicit operations: Volterra
integration in (6.1), division by the nonzero scalar dj in (6.10), and convo-
lution with an exponential in (6.11). It avoids polynomial matching on an
unbounded exterior interval and applies without smoothness of 4.

7. EXPLICIT LOW-ENERGY COEFFICIENTS

For j > 0, define the moments

R
Qj(q) 32/0 Pq(t)dt. 7.1)

When no confusion is possible, we write Q; = Q;(g). The cubic Neumann
coefficient also contains the ordered quadratic functional

(a) ::/ (t— 5)q(t)g(s) ds dt = / / It — s|q(£)q(s) ds dt.
0<s<t<R
(7.2)
The second identity follows by symmetry and is valid for complex-valued q

as an algebraic identity, with no complex conjugation.
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Theorem 7.1 (Fixed Robin and Neumann coefficients). Let g € Q.
For fixed v # 0,

2i 2
Su(kq) = —1+ §k+ K

+2i [Sz‘)JrZVQlJer— 1/13] I+ O(k*). v

Equivalently,
Flkq) =1-2 VOR gt +v )32 dt] K+ O(kY). (7.4)

Forv =0,
So(k;q) = 1 —2iQok — 2Q3k? 75)

+2i [Q2 + QoQ1 + Q3 + T (9)] K+ O(KY).

All remainder estimates are for fixed q and fixed v; they are locally uniform on
bounded subsets of Qr, and the first is locally uniform away from v = 0.

Proof. The first Volterra coefficient is

p(xv,q) = — /Ox(x —£)(14+4(t)) (1 +vt) dt.

Consequently,
vR?
bi(vig) = —R——= = Qo —vQy, (7.6)
R?> vR?
a1 (v;q) = —— — o~ RQo+ Q1 —vRQ: +vQa. (7.7)

Using ap = 1+ vR and by = v, substitute
F,=ag+ak> +0(k*), G, = b+ bik* +O(k*)
into (3.6). Division of the two power series and multiplication by
PR — 1 4 2iRk — 2R%k? — §1R3k3 + O(k*)

give (7.3). The terms containing only R combine into the Taylor expansion
of (3.8). Dividing by that free coefficient gives (7.4).
Forv =0,putw =1+ 4. Then

R 2
() = [ (R—pu()dt =~ ~RQ+Qi, (79
R
bi(0:g) = — [ w(t)dt = ~(R+Qu), 7.9)
b2(0; ) = /0 _(t=s(u(s) dsdt
R R*Qo

%6 T2

—RQ1+ Q2+ TJ(q). (7.10)
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After the cancellation in (5.6), set

kG L, 3 5
X(k) = iR(kq) ib1k — i(by — arby )k + O(K°).

The quotient in (5.6) equals

m — 1= 2X(k) + 2X (k)% — 2X(K)? + O(kY).

Multiplication by e2kR followed by substitution of (7.8)—(7.10), gives

[K°]So = 2i(Q2 + QuQ1 + Q3 + T (9)),
and the lower coefficients are those in (7.5). O

Remark 7.2 (Where the coefficient first enters). For fixed v # 0, the coef-
ficients of k, k!, k? in (7.3) are independent of g; the first coefficient that
can depend on g is cubic. At the Neumann endpoint, the first coefficient
that can depend on g is linear. For sign-changing ¢, any displayed moment
may vanish, so these are structural rather than unconditional nonvanishing
statements.

Corollary 7.3 (Three low moments from Robin data). Let v, v, v3 be dis-
tinct nonzero real numbers. Knowledge of the cubic coefficient of the boundary-
normalized function 7y, (k; q) for j = 1,2,3 determines

Qo(q),  Qi(q),  Q(q)-

Proof. Apart from the factor —2i, the cubic coefficient in (7.4) is

207, Q
Qx + 71 + 720 (7.11)

This is a quadratic polynomial in z = v~!. Tts values at the three distinct
points z; = 1/]-_1 determine its three coefficients by invertibility of the Van-
dermonde matrix. U

Corollary 7.4 (Positive coefficients). If g > 0 almost everywhere and q # 0,
then

/ORq(t)(t—i—vl)zdt >0

for every v # 0. Hence the cubic coefficient-dependent term in (7.4) is nonzero. In
the Neumann case Qo > 0, so the linear coefficient-dependent term is nonzero.

Proof. The square can vanish at no more than one point, while a nonzero L!
function cannot be supported on a set of measure zero. 0
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8. FRECHET DEPENDENCE ON THE COEFFICIENT

We now regard Qg as the complex Banach space L!(0, R; C), extended by
zero to the half-line. The Volterra representation gives more than continuity
with respect to 4.

Proposition 8.1 (Banach-space holomorphy). For fixed k,v € C, the map
q— ¢u(-,k;q)
is an entire map from Qg to C([0, R]). Hence
q— E(kq), g Gulkq)
are entire scalar-valued maps. On the open set
Uv,k = {q S QR . DV(qu) 7£ 0}/
the map q — S, (k; q) is Fréchet holomorphic.

Proof. Write V; = Vo + W,, where

W) = [ (x =Dl

The map g — W, is bounded and linear from Qg to £(C([0,R])). Each term
in the series (4.5) is a continuous polynomial in 4, and Lemma 4.1 gives
uniform convergence on every bounded subset of Qg. The sum is therefore
entire as a Banach-space-valued map. The assertion for the derivative in
x follows from (4.4). Evaluation at R is continuous, and the last statement
follows by composition with the holomorphic quotient on the set where its
denominator is nonzero. O

The derivative of the quotient admits the following useful closed form in
the present normalization; compare the reflection-map linearizations in [17].

Theorem 8.2 (Exact contrast derivative). Let q,h € Qg, k # 0, and suppose
D, (k;q) # 0. Then

2ik3e2ikR R ’
DySu ()] = 5o | g (x kiq)? 8.1)
Ifu( -, k; q) denotes the normalized solution in (1.4), then equivalently
ik [R
D;Sy(k; q)[h] = 5, h(x)u(x,k; q)*dx. (8.2)

Proof. Let
P(x) := Dedv(x,k; 9)[h].
Differentiating the differential equation and the initial data gives
Y+ KA+ q)p = —khpy,  9(0) =¢'(0) =0. (8.3)

For
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equation (8.3) implies
W (x) = —k*h(x)dy(x)
almost everywhere. Since W(0) = 0,

F,DyGy[h] — G,D,F,[h] = —k* /0 * () o () dix. (8.4)

Let N = N, (k;q) and D = D, (k; q). Direct differentiation yields
(D4yN[h])D — N(DyD|h]) = 2ik(G,DgF,[h] — F,DyGy [h])

= 2ik° /OR h(x)y(x)? dx.

Differentiating (3.6) now proves (8.1).
By (3.4), the normalized solution is

2ik ikR
u(x,k;q) = Di(;,q)qbv(x,k;q)- (85)

Substitution in (8.1) gives (8.2). O

Remark 8.3. Formula (8.2) is independent of the auxiliary support bound R.
It also shows that the variation is governed by the square of the normalized
solution, rather than its modulus squared. The latter appears only after
division by S, for real data.

The differential identity has an exact finite-difference counterpart. Besides
giving a nonlinear version of the first variation, it identifies precisely how a
change of the coefficient can be compensated by a change of the endpoint
parameter.

Theorem 8.4 (Exact two-pair identity). Let qo,q1 € Qr, let vo,v1 € C, and fix
k # 0 such that Dy, (k; q;) # 0 for j = 0, 1. Write

¢j(x) := ¢v;(x,k;q;),  Dj:= Dy(k;q;).
Then

2ike?kR , (R
Sv1 (k,[]l) - Svo(k} qo) = DD |:1/0 -1 +k / (Q1 — []0)([)1(])0 dx| . (86)
120 0

In particular, for a common endpoint parameter v,

2i k3 eZikR R

Sv(k;q1) — Su(k; q0) = D.Dy Js (91 — g0)¢P1¢po dx. (8.7)

If uj are the corresponding exterior-normalized solutions, then
ik (R

Sv(k;q1) — Su(k; q0) = 5 (91 — go0)uqup dx. (8.8)
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Proof. Set W = ¢1¢) — ¢j¢o. The two differential equations give, almost
everywhere,

W' =K*(q1 — qo)prgo,  W(0) =10 — v1.

Consequently,

W(R) = 10—+ | (0 — qo)rgo d. (89)
Cross multiplication in the two endpoint quotients gives
N1Dg — NoD; = 2ik(F1Gy — G1Fy) = 2ikW(R).
Substitution in (3.6) proves (8.6), and equal endpoint parameters give (8.7).
Finally, use (8.5) for both regular solutions to obtain (8.8). U
Corollary 8.5 (Boundary compensation). For real q;,vjand k > 0,

Su(k;91) = S, (k; 0) (8.10)
if and only if

R
vy —vp = k2/0 (91 = q0) ()P, (x, K q1) Py (x, K 90) dx. - (8.11)

Moreover,
ZikeZikR
0,S,(k;q) = —————, 12

and the joint first variation is

R
D g)Sv(k;q)[h, 7] = 0,5y (k; q) (17 — K /0 he, dX> : (8.13)

Thus the infinitesimal isoscattering directions are exactly

n =K /OR h(x)¢y(x, k; q)*dx. (8.14)

Proof. For real data the prefactor in (8.6) is nonzero, so (8.10) is equivalent to
(8.11). Formula (8.12) follows either by differentiating the endpoint quotient,
using F,0,G, — G,0,F, = 1, or by setting g1 = qo in (8.6) and letting v; — vp.
Combining it with (8.1) proves (8.13) and (8.14). O

Remark 8.6 (Local isoscattering graph). For fixed real k > 0 and a real base
pair (go, vp), there is a neighborhood of g in the real space L' (0, R) and a
unique real-analytic function g — N'(q), with A'(g0) = o, such that

Sn(q)(k:9) = Svy(K; q0).
Indeed, if S, = ¢© locally, then

2k

0, (8.15)
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so the real-analytic implicit-function theorem applies. Its derivative is the
exact positive-kernel functional

R
DN (go) ) = & [ h(x)g, (x, ki) .

The finite relation satisfied by this graph is (8.11).
Corollary 8.7 (Threshold orders of the derivative). For fixed real q,h € Qg,

D,Sy(k;q)[h] = 2ik /Rh( Yt+vH2dt+O(kY),  v#0, (8.16)

D,So(k; q) 1] = —21k/ £ dt + O(k2), v=0. (817

The first estimate is locally uniform for v bounded away from zero, and both are
locally uniform for q, h in bounded subsets of L*(0, R).

Proof. Atk =0, ¢, = 14+ vx and D,(0;q) = v when v # 0. Formula (8.1)
therefore gives (8.16). For v = 0,

po(x,k;q) =1+0(K),  Dolkq) =ik +O(K),
and (8.17) follows. O

8.1. A monotonicity formula. Suppose g, h, v are real and k > 0. Along the
affine path
gs = qo + sh, 0<s<1,
choose a continuous real-valued phase lift ©(s) such that
S, (k; gs) = €€0). (8.18)

Such a lift exists on an interval because S, is continuous and has modulus
one.

Theorem 8.8 (Monotonicity of the scattering phase). With the preceding nota-
tion,

R
@'(s) = —’;/0 h(x) |u(x, k; gs) | dx. (8.19)

Consequently, if h > 0, then © is nonincreasing. If h > 0 and h % 0, then it is
strictly decreasing.

Proof. For real data, the regular solution is real. In the exterior representa-
tion (3.3), reality gives B, = A,, and hence

. _ a1
Sinceu = A, "¢y,

,k} 2 v 1k; 2
uéf(k; Z)) - (!PAYEk; EIL;)!Z = kol 20
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Divide (8.2) by S, and use (8.18):
D,S,(k;qgs)|h ik R
i®/(5): q V( qs)[ ] :_%
Sv(k; gs) 2 Jo
This proves (8.19). A nontrivial solution of a second-order equation cannot

have a non-isolated zero unless it vanishes identically. Thus the last integral
is positive for nonzero 1 > 0, proving strictness. U

h(x)|u(x, k; gs)|* dx.

Remark 8.9. If one writes S, = ¢2%, then

5, (s) = _Z /()Rh(x)|u(x,k;qs)\2dx.

The factor two is purely a convention for the phase.

8.2. Uniform threshold stability. The derivative identity also quantifies
how the dependence on g changes as v approaches zero.

Theorem 8.10 (Uniform stability on L'-balls). Fix M > 0. There exist kg > 0
and C > 0, depending only on M and R, such that for real

1,92€ Qr, gl <M,
real v, and 0 < k < kg,

K1+ v?)
|Su(k; q1) = Su(k; g2)| < Cw”‘h — 2| p- (8.21)
In particular, for every v, > 0,
1Su(k;q1) = Su(k;32)| < Colllq1 — q2][1, v| > v, (8.22)
|So(k; 1) = So(k;42)| < Ckllg1 — 4211 (8.23)

Proof. Let 9, and 1, be the fundamental solutions with initial data

(84(0),8;(0)) = (1,0),  (94(0),93(0)) = (0,1).

The regular solution is

by = 0y + vy (8.24)
Uniformly for ||g]|1 < M, the Volterra equation gives, as k — 0,
8, (R, k) =1+ 0(K?), 8 (R, k) = O(k*), (8.25)
¥g(R, k) = R+ O(K?), ¥R, k) =1+ O(K). (8.26)
It follows that
1 (- K q)l[eo < Co(1 + [v]). (8.27)

For real data,
1D, (k; q)> = Gy(k; q)* + K*F, (k; 9).

Using (8.24)—(8.26) and normalizing by v/k? 4 v2, one obtains uniformly in
veR
Dy (k; q)|* > co(K* +v?) (8.28)



ASYMPTOTIC ANALYSIS FOR WEAK POTENTIALS 21

for sufficiently small k. Indeed, after this normalization the vector (kF,, G)
differs by O(k), uniformly in v, from a vector of Euclidean norm one.
Combining (8.1), (8.27), and (8.28) gives
K3(1+v?)
k2 412
Integrate this estimate along qs = g1 +s(g2 — q1) to obtain (8.21). The special
cases follow immediately. O

1DgSu(k;q) ]| < C 1]

Remark 8.11. For v = ak with a« bounded, estimate (8.21) is of order

k
m”‘h — 2|1

Thus the degeneration from cubic to linear sensitivity occurs precisely on
the transition scale identified in Section 10.

The preceding estimate has the correct order, but its constant is not sharp.
The exact condition number can also be identified. For M > 0, set

Bum = {q€ L'(0O,R;R): ||q]1 < M} (8.29)
and define the optimal global Lipschitz modulus

eulky) = sup 12vEa) = Sulkiqo)]

0,41 € B lg1 — qol1
qo#q

(8.30)

Theorem 8.12 (Sharp L! condition number). For real v, k > 0, and M > 0,

3 C a2
»QM(k,]/) = Sup 2k ||¢V( ’k’q)Hoo

. (8.31)
q€Bu Gv(k;q)* +k2F,(k; q)?

Let
v .
ayx(x) := cos(kx) + % sin(kx), Avk = llavilli=o,r), (8.32)
23 A7
AO(k,V) = W. (833)
If
2

ri— I2RM < % 7= Mk(lljrkR) <1, (8.34)

then, uniformly for every v € R,
Ao (k, 1/)
(1= =n)?*

Ao(k,v) < Ly(k,v) < (8.35)

In particular,
Epk,v) = Ao(k,v) (14+Ompr(k))  (k10), (8.36)

uniformly in arbitrary real choices of v = v(k).
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Proof. For real data, Theorem 8.2 and |D, |> = G2 + k2F? give

21y 2,
D,

Indeed, the norm of the real functional & — [ h¢? is ||¢2]|c; normalized
indicators supported in shrinking one-sided neighborhoods of a point where
|| is maximal give the lower bound if the norm is not attained. The Banach-
space fundamental theorem of calculus along line segments in the convex
ball By proves that the left-hand side of (8.31) is at most the right-hand
side. Conversely, at every interior point of the ball, difference quotients in
arbitrary L! directions are admissible and give the reverse inequality. For
a boundary point g, apply this conclusion to g, = (1 —n~1)g, n > 2. The
map g — (¢y, F,, Gy) is continuous from L! to C! x C?, and Dy (k;q) # 0
throughout the real ball. Hence the operator norms in (8.37) converge, which
proves (8.31) on the closed ball.
Variation of constants relative to the free equation gives

dv(x,k;q) = ay(x k/ sin(k(x — £))g(t)u (£, k; q) dt. (8.38)

Since [sin(k(x — t))| < k(x —t),

1DgSv(k; )|l 1 (0,riR) > = (8.37)

Ayk
o < —. .

gl < 22 (8.39)

At the endpoint, the same equation and its derivative yield

- K*M(1 + kR
|Dy(k;q) — e*R(v +ik)| < 1(_t)Aka' (8.40)
Moreover,

Ay <1+R A 1+ Rk 8.41
s STERI,  —E < k(L RE) (8.41)

Thus (8.40) is at most 17vk? 4+ v2, and consequently

IDv(k;q)| = (1= 1) V> +v2. (8.42)

Equations (8.39), (8.42), and (8.31) give the upper bound in (8.35). Taking
g = 0 in (8.31) gives its lower bound. Finally, r = O(k?) and 7 = O(k),
uniformly in v, which proves (8.36). O

The explicit free profile in (8.33) resolves all threshold regimes without
separate estimates. For example, if v/k — « € R, then

2k

SM(k,V) ~ m

(8.43)

For fixed v # 0,
2A2

Epk,v) ~ Vk3 Ay = max{1,|1+vR|}, (8.44)
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whereas

Lu(k,0) = 2k +O(K). (8.45)
Indeed, uniformly on By, ¢ = 1+ O(k?), Fp = 1+ O(k?), and Gy = O(k?);
substitution in (8.31) gives 2k(1 + O(k?)). If |v| — 0 and k/|v| — 0, then

213
eu(kv) ~ . (8.46)

The first correction on the transition scale detects both the support end-
point and the size of the admissible coefficient ball.

Corollary 8.13 (Two-term sharp crossover). Let «, f € R and write a4 :=
max{a,0}. Then

Lk, ak + BK?) = 7 ik(xz [1 +k <2sz+ + W) + O(kz)JS.M)

The remainder is uniform for a, B in compact sets, with constants depending only
on M, R and the chosen compact sets. In particular,

ek, BK?) = 2k 4+ O(K3). (8.48)
Proof. Uniformly for g € By and for «, B in fixed compact sets, the endpoint
expansions give
Fozk—i—ﬁkz (k, E]) =1+ aRk + O(kz),
Gkt pie (ki 9) = ak + (B — R — Qo(q))k* + O(K°).
It follows that
|Daey pre (k) |2 = (1+ o)k + 2a(B — Qo(q))k° + O(K*). (8.49)
Uniformly in x, the Volterra equation gives @y pi2(x,k;q) = 1+ akx +
O(k?). For small k this profile is positive, and |1 + ak |l = 1+ Rak.
Hence
|faipre (D% = 1+ 2Ras ke + O(K?). (8.50)
Substitute (8.49) and (8.50) into (8.31). The remainder after division is uni-
form in g, so the supremum may be taken at this order. Since

sup aQo(q) = |a|M
q€Bum

formula (8.47) follows. Setting &« = 0 gives (8.48). O

9. WEAK-COUPLING EXPANSION AND BORN RECURSION

We now specialize to the pencil g = eV, with V € Qg fixed. In contrast to
the low-energy recursion of Section 6, the expansion in this section is orga-
nized by the number of occurrences of V. Both expansions are convergent
near the origin, and hence may be combined without an interchange-of-
limits argument.
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Let

,[,Ol(x, k) := cos(kx) + % sin(kx), 9.1)

where the expression is continued at k = 0, and introduce the Volterra
operator

(K f)(x) = —k/ sin(k(x — ) V(£)£ (1) dt. 9.2)
Variation of constants relative to the free equation gives
Pv(x,k;eV) = 4)1[,0} (x, k) + el vopu (x, k; €V). (9.3)
Proposition 9.1 (Born series for the regular solution). For every (k, &) € C?,
Pu(x,k;eV) =) e’”qum](x, k), Im] _ IC,Z'/ZV([)LO]. (9.4)
m=0

The series and its first derivative in x converge locally uniformly on [0, R] x C2.
Each coefficient is an even entire function of k, and, for m > 1,

@Y+ el = — vl el 0,k) = (¢I")'(0,k) =0.  (9.5)

Proof. Equation (9.3) follows by applying the free Green kernel k! sin (k(x —
t)) to the inhomogeneity —ek?V ¢, . Iteration gives (9.4). On compact k-sets
the kernel of Ky v is bounded by C|V (t)|, and integration over the ordered
simplex supplies the factor 1/m!. This proves locally uniform convergence
for every ¢ € C. The differentiated kernel has the same property. Since
ksin(k(x — t)) and (9.1) are even entire functions of k, so is every term.

Differentiating twice gives (9.5). O
Put
Fu(k) = /" (R,K),  Gul(k) == (9!") (R k), (9.6)
and define

Thus Dy (k;eV) = Y d,(k)e™, and similarly for N,.
Theorem 9.2 (All-order Born recursion). Fix k # 0 with v 4 ik # 0. Define
_ eo(k) 1 v ,

=1

form > 1. Then, for € in a neighborhood of zero,

Sy(k;eV) = 2R Y o (K)e™. (9.9)
m=0
Set
o :=inf{|e| : Dy(k;eV) =0},  inf@ := +oo.

The radius of convergence in ¢ is exactly py. In particular, e?*Ryq = Sfree,
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Proof. The free denominator is dy = (v + ik)e*R, so the hypothesis gives
dg # 0. The recursion is ordinary division of the two convergent series
Y ene™ and ) d,,e". The assertion concerning the radius follows because
numerator and denominator cannot vanish simultaneously: otherwise both
endpoint data would vanish and uniqueness for the Cauchy problem at R
would fail. U

The linear term has a closed form which is more informative than the
recursive expression.

Theorem 9.3 (Exact first Born coefficient). For real k # 0 and v € R,

Sy (k;eV) = Sfree(k) + eB, (k; V) + O(£2), (9.10)
where
2ik3 R 2
B, (k;V) = M/O V(x) (Cos(kx) + % sin(kx)) dx. (9.11)

For v # 0, its boundary-normalized form is

B,(k;V) 2ik3 R v, 2
Shee(k) K112 /0 V(x) (cos(kx) + 4 sm(kx)) dx. (9.12)
Proof. Apply Theorem 8.2 at g = 0. Equations (3.9) and (3.10) cancel the two
exponential factors and give (9.11). Division by (3.8) gives (9.12). 0
Let
R
= / ¥V (x)dx. (9.13)
0
The threshold behavior of the first Born coefficient is
R
B, (k; V) = 2ik° / V(x)(x +v1)2dx + O(kY), v#0,
0
(9.14)

R
Bo(k; V) = —2ik / V(x) cos?(kx) dx = —2ipok + 2ipk® + O(K). (9.15)
0

The following statement records the nonlinear remainder with its sharp
threshold order.

Proposition 9.4 (Joint weak-coupling remainders). Fix V € Qg. The estimates
below are for real k, v; the parameter € may be real or complex in a sufficiently small
disk.

(1) For every v, > 0, locally uniformly for real |v| > v, and small (k,¢),
Su(k;eV) = Sfree(k) 4B, (k; V) + O(eK0). (9.16)
In particular,

R
S,(k;eV) = Slf,ree(k) + 2i8k3/0 V(x)(x+v ) dx (9.17)

+O(lel k[* + le [ [K[).
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(2) Foreach A > 0, locally uniformly when |v| < Alk]|,
Sy(k;eV) = Stee(k) + eB, (k; V) + O(2k?). (9.18)
At v = 0, the expansion through cubic order is
So(k;eV) = 1 — 2iepok — 2e?uk?
+2i [epn + € (popr + T (V) + ud] k2 +O(k*),
uniformly for € in compact sets.

(9.19)

Proof. Let i, = Dy¢y[h]. The differentiated Volterra equation and the esti-
mates of Section 4 give, on bounded Ll-sets,

[9nllcrory < CRA+ DB, DDyl k]| < CR(1+ [v]) ]

(9.20)

Differentiate (8.1) once more with respect to g. When |v| > v,, the endpoint

estimates give

[pvlle = O+ 1)), |Dy| = clv].

Together with (9.20), these estimates show directly in both terms of the

second derivative that DSSV = O(k5 ), uniformly on the unbounded set

|v| > v.. When |v| < Alk|, one has |D,| < |k|, uniformly for sufficiently

small real k, and the same calculation gives DZ/ S, = O(k?). Taylor’s formula

along g = seV proves (9.16) and (9.18). Formula (9.17) follows from (9.14),

while (9.19) is (7.5) with g = €V O

Remark 9.5. The term —ZEZy%kZ in (9.19) shows that the transition-scale
remainder O(e2k?) is attained in general. For fixed nonzero Robin data, the
preceding argument yields the higher-order bound O(&%k>).

10. THE ROBIN-NEUMANN TRANSITION

The fixed-v expansions of Theorem 7.1 are not uniform as v — 0. The
correct transition variable is v/k. We first record the endpoint estimates
responsible for this fact.

Lemma 10.1 (Endpoint data on the transition scale). On bounded subsets of
Or,ask — 0,

F,(k;q) =1+ vR+O(K*(1+ |v])), (10.1)

RZ
Gy(k;q) = v — K (R +Qo+v (2 + Q1>) +O0(K*(1+v])). (10.2)
The estimates are uniform for real or complex v.

Proof. The zeroth Volterra coefficient is 1 4+ vx. Formula (7.6) gives the
coefficient of k2 in G,, and Proposition 6.1 bounds the remaining series. The
estimate for F, follows in the same way. Il

Theorem 10.2 (Transition law). Let q € Qg be fixed, let k > 0 tend to zero, and
letv=v(k) € R.
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(1) Ifv(k)/k — « € R, then

i—a

Sviey (K q) — T (10.3)
Relative to the free coefficient at the same value of v(k),
3 2i
Suipy (6:7) = S (k) + (HQf)zk +o(k). (10.4)
() If [v(k)|/k — oo, then
Sv(k) (k,q) — —1. (105)
@) If
v(k) = ak + Bk* +o(k?), (10.6)
then
. 2 (On —
Sv(k) (k;q) = - + i(Qo 'B)k+ o(k). (10.7)

i+a (e +1)?
All assertions are locally uniform for q in bounded subsets of Qr, and for «, § in
compact subsets of R.
Proof. If v/k — &, Lemma 10.1 gives

Dy(k;q) = k(a +1) +o(k), Ny(k;q) = k(—a +1) +o(k).

Formula (3.6) proves (10.3). Retaining the —k*Qp term in (10.2) and subtract-
ing the exact free quotient proves (10.4). If |v|/k — oo, divide numerator
and denominator by v and use (10.1)—(10.2); this gives (10.5). Finally,

i—(a+pkto(k) i—-a 2B
i+ (a+pk+o(k)) i+a (a+1i)?
Combining this with (10.4) proves (10.7). ]

k+o(k).

For the exact scaling v = ak, one may continue one order further. This
also displays the first nonlinear weak-coupling term in the transition regime.

Proposition 10.3 (Second-order transition expansion). Let k > 0, « € R,
q = €V, and v = ak. Define y; by (9.13). Uniformly for a and ¢ in compact sets,
i 2iepg
i+a  (a+1i)?
{ diwepy  2ie*p3
(a+1)2  (a+1)3
Proof. With Q; = ep;, the Volterra recursion gives

R2
Fu(k;q) =1+ akR — k? (2 +RQo — Ql) +0(k%),

Sak(k; 8V)
(10.8)

] K> +0(k).

2
Guc(k;q) = ak —k*(R + Qo) — ak® <1§ + Q1> + O(k4).
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Substitution in (3.6) and power-series division give (10.8); all terms depend-
ing only on R cancel. O

Remark 10.4 (Relation to the bounded-coefficient literature). For bounded,
piecewise-continuous profiles, Proposition 10.3 is equivalent, after reversal
of the incoming-wave convention and translation of the Robin parameters,
to the half-line expansion in [13, Eq. (61)]. It is retained here both to fix the
present normalization and to provide the bounded-L! baseline for Theo-
rems 8.12 and 10.6. The latter theorem permits ||g||1 =< k!, which is outside
that bounded coefficient regime.

Corollary 10.5 (Noncommuting threshold limits). For every fixed g € Qg,

lim i k;gq) =—-1 li k;q) =1.
V50, V0 K30 Svlk:q) o mSolkig)

More generally, every point of the unit circle other than —1 is obtained from (10.3)
by a unique « € R, while —1 is the limit |a| — oo.

10.1. Singular contrast and critical exponents. The preceding transition
keeps the coefficient in a bounded subset of L!. A different normal form
emerges if the coefficient itself depends on k. Although ||gx|l1 may then
diverge, the differential coefficient kg still tends to zero when g, = O(k™1).
The boundary term and the integrated coefficient enter at the same order,
and every power of the weak-coupling series must be resummed.

Theorem 10.6 (Critical-contrast normal form). Let V,W € L'(0,R;R) and
«, B € R. Suppose, as k | O, that

Gk =k TV+W+r, 7l — 0, (10.9)
v(k) = ak + BK* + oy, |1€§| — 0. (10.10)

Define
a:=a—QuV), (10.11)
T(V,W;a,B) :=Qo(W) - B+ (2a — Qu(V))Qi(V) =T (V).  (10.12)

Then
i—a 2iI(V,W;a,pB)

Suie (K; qx) = = = e k + o(k). (10.13)
More precisely, if
n(k) =[x + ’Z’;’, (10.14)
then the last remainder is
O(K* +kn(k)). (10.15)

The implicit constant depends only on R and bounds for V, W, «, B, provided k
is sufficiently small and n(k) < 1. It is therefore uniform for families in which
(k) — 0 uniformly.
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Proof. For f,g € L}(0,R) x C[0, R], write

(Trg)(x) = | (x=D)f(0g(t)dt. (10.16)

Substitution of (10.9) and (10.10) in the Volterra equation gives, in C'[0, R],
buii (-, ks ) = 1+ akex + BEx — KTy ) — K Tiywouiy

+ O (K7 (k)).

On bounded profile sets, once 7 (k) < 1, the Volterra operator on the right
has norm O(k) from C[0, R] to C'[0, R]. Hence [|¢,(x)[|c: < C. The omitted

terms px — k* Ty, ¢y (i) are therefore Oci (k?77(k)). A second iteration yields
Pu (1K qx) = 1+ kfr(x) + K fo(x) + O (K + K (k)), (10.18)

where

(10.17)

f1 = X — Tvl, f2 = ,Bx — 7}/](1 — 7i+wl. (1019)
Ifyp =1+kf1 + k2 f2, direct substitution shows that its residual in (10.17)
is Oc1 (k> + k?57(k)). The Volterra resolvent is uniformly bounded on the

parameter sets in the statement, so the same estimate holds for ¢, ) — 9. At
x =R,

AR) =R(x—Qo(V)) +Qi(V) =Ra+Qi(V),  (1020)

fiR) =a—Qo(V) =a, (10.21)

f(R) = B—R—Qo(W) —aQi(V) + T (V). (10.22)
Consequently, with f := Ra + Q;(V) and b := f;(R),

Fyp0 (ki qr) = 1+ kf + O (K> + K (k)), (10.23)

Gy (k; i) = ka+ Kb+ O (K2 + K1 (k). (10.24)

Power-series division in the endpoint quotient gives
ikF—G i—a 2i(af -0
KF+G ita ((aii)Z)kJrO
Multiplication by e#*R = 1 + 2ikR + O(k?) replaces af — b by
af —b—R(1+4a%) = Qo(W) — B+ (20 — Qu(V)) Qi (V) — (V)
=TI (V,W;a,pB).
This proves (10.13) and (10.15). U

(k2 + ki (k). (10.25)

For a single profile, the theorem takes a particularly transparent form. Let
A, 0 € R. With Hj = Q](V), if

A
0 = (k + g> Vir, vk =—ak+BR+p,  (10.26)

under the remainder hypotheses of Theorem 10.6, then (10.13) holds with
a=a—Aug, T =o0pg—B+A2a—Aug)us —A*J(V).  (10.27)
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Thus the first correction retains the ordering information in 7 (V); it is not
determined by the total mass alone.

The next result shows that k=1 is the generic critical power, but that
cancellation of the mean shifts the critical power to k=3/2. Put

Clz) = 1+§ zeC\ {-i}. (10.28)
Theorem 10.7 (Critical-exponent trichotomy). Let V € L}(0, R;R), let
qge=k "V, v(k) = ak, 0<y<2. (10.29)
If Qo(V) # 0, then
C(a), 0<y<1,
Sk V) — {Cla—Qu(V)), =1, (10.30)
-1, 1<y<2
IfQo(V) =0and V # 0, then
(C(a), 0<y <3,
Sauc(k; k™) — S C(a+T(V)), v=3, (10.31)
-1, s<y<2

At the mean-zero critical power, the convergence rate is O (k'/?).

Proof. Set 6 := k*>~7. A Volterra iteration, now retaining the first two powers
of &, gives uniformly on bounded real L!-sets

Fu(lkk™"V) =1+ 0(k+9), (10.32)
Guk(k;k™7V) = ak — 6Qo(V) + 0*T (V) + O(K* +ké +6°).  (10.33)
For completeness, the first iteration is
Gk =1 —6Ty1 4+ O(k +6%) inC[O,R]. (10.34)
Since fOR VTvl = J(V), equation (10.34) implies

/Rvawmaﬁu:dey—&ﬂvy+om+#x

" R
| gatyde = o).

The exact endpoint identity

R R
Gwzak—WA %ﬂﬂm—éﬂ‘WO%ﬂﬂ& (10.35)

now proves (10.33); the value estimate follows from the undifferentiated
Volterra equation.



ASYMPTOTIC ANALYSIS FOR WEAK POTENTIALS 31

If Qo(V) # 0, comparison of ¢ with k in (10.33) gives the three cases in
(10.30). If Qo(V) = 0, the first nonzero coefficient term is instead 627 (V).
To show that it cannot vanish for a nonzero real mean-zero profile, put

X
P(x) = / V() dt. (10.36)
0
Then P(0) = P(R) = 0, and integration by parts in (7.2) gives

J(V)=— /0 * p(x)2dx < 0. (10.37)

Comparing 62 with k proves (10.31). Aty =3/2,5 = k'/2, so
Gu =k(a+T(V)) +0(K?),  Fu=1+0(k'?),

which also proves the stated rate. In every supercritical case in the indicated
range, the nonzero real term in G dominates ikF, so the quotient tends to
—1. ]

Example 10.8 (Balanced two-step profile). Let

Vix) = 1, 0<x<R/2
]1-1, R/2<x<R

Then Qy(V) = 0, while its primitive is P(x) = x on [0,R/2] and P(x) =
R — xon [R/2,R]. Hence

R/2 R3
- _ 2 = =
J(V) = 2/0 x°dx o
At the critical power g = k=3/2V,
R3
Suc(k; k32v) — C <0c — 12) . (10.38)

Thus a coefficient with vanishing mean still produces a nontrivial renormal-
ization of the boundary parameter.

Remark 10.9. The restriction ¢y < 2 is structural. Aty = 2, the limiting
equation is " 4+ Vu = 0, and a zero-energy transfer-matrix resonance may
change the limit. For y > 2, sign-changing profiles need not have a universal
threshold limit. Thus the supercritical conclusions in Theorem 10.7 are not
asserted beyond their stated range.

For mean-zero profiles, the negative form (10.37) is analogous to the
second-order mechanism in weak-coupling threshold analysis [14]; the
present conclusion concerns a half-line boundary quotient under simultane-
ous coefficient and endpoint scaling.

The critical limit also determines the leading threshold order of every
Born coefficient at once.
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Corollary 10.10 (Resummed leading Born hierarchy). Fixa € Rand V €
LY(0,R;R), and write

Suk(k;€V) Z b (10.39)

near ¢ = 0. Then, for every m > 1,
21Q0( ) +1
by (k) = (@t iy K"+ Oy (K. (10.40)
Proof. Set e = A/k, and choose r > 0 so that

‘/1\r|1f la +1—AQu(V)| > 0.

Put
fk()\) = Stxk <k,;{\V> .

After complexifying the coefficient, the Volterra equation and endpoint
quotient give
sup|Fi(A) —C(a —AQo(V))| < Cik. (10.41)
IA|<r
This is the complexified leading-order part of the proof of Theorem 10.6;
the choice of r keeps the limiting endpoint denominator uniformly nonzero.
Since

- 2i & [(AQu(V) "
Cla—AQy(V)) = -1+ “+in;o (m . (10.42)
For 0 < ry < r, the coefficient of A" in F is k~"b,, (k). Cauchy’s estimate
on |A| = ry, applied to (10.41), therefore gives

—m 21Q0< )
b () = O | < Cone

Multiplication by k' proves (10.40). 0

11. COMPLEX SINGULARITIES AND THE CONVERGENCE RADIUS

The low-energy series is convergent, but it is generally not entire. Its
obstructions are described exactly by a reduced boundary denominator.
Define

(kg = L P V70, (11.1)
iFo(k;q) +kGo(k;q), v =0,

where Gy is given by (5.5). Thus the common factor k has already been
removed in the Neumann case. The zeros of A, are independent of the
choice of support bound in the following sense: enlarging R multiplies the
denominator by a nonvanishing exponential factor.
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Theorem 11.1 (Meromorphic continuation and genuine poles). For every q €
Qr and v € R, the threshold continuation S, ( - ; q) extends meromorphically to
C. Its finite poles are precisely the zeros of A, ( - ; q), with equality of multiplicities.
Consequently, if

1’1/([]) = inf{’a : Av(é?‘i) = 0}/ (11.2)

with the convention inf @ = oo, then the Taylor series of Sy (k;q) at k = 0 has
radius of convergence exactly r,(q).

Proof. For v # 0, the assertion follows from

icr Nu(k; )
Sl/ k; — eZlkR

and the fact that N, D, are entire. They have no common zero: if k # 0 and
N, = D, = 0, then F, = G, = 0, contrary to uniqueness for the Cauchy
problem at R. At k = 0, the denominator equals v.

For v = 0, use the cancelled representation (5.6). Its numerator and
denominator cannot vanish together at a nonzero point, since this would
give Fy = éo = 0, and hence Fy = Gy = 0. At zero the reduced denominator
is i. Thus every denominator zero is a nonremovable pole. The radius
of a Taylor series of a meromorphic function is the distance to its nearest
nonremovable singularity, which proves the final assertion. U

Remark 11.2. The zeros in Theorem 11.1 may equivalently be viewed as
values of the spectral parameter for which the boundary condition admits a
nonzero solution proportional to a single exterior exponential. The proof
uses only the analytic boundary quotient, and no spectral interpretation of
nonreal zeros is needed below.

Proposition 11.3 (Symmetry and exclusion from the real axis). Suppose q and
v are real. Then

A(—k:q) = Ak q), v #0, (11.3)

No(—k;q) = —Do(k; q). (11.4)
In particular, the pole set is invariant under reflection across the imaginary axis. It
contains no nonzero real point.

Proof. The Taylor coefficients of F,, G,, and @0 are real, and these functions
are even in k. Substitution in (11.1) gives (11.3)—(11.4). For real k # 0,

|Dy(k; q)|* = Gu(k;q)* + K*F,(k;q)* > 0,

because the endpoint data cannot both vanish. Since Dy = kA, this also
excludes nonzero real zeros in the Neumann case. O

Although a global lower bound for r,(q) is not available on arbitrary
coefficient classes, the Volterra estimates give a uniform local disk.
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Proposition 11.4 (A uniform pole-free disk). Fix M > 0 and v, > 0. There
exists r = r(M, R, v) > 0 such that

M) £0, [kl <,

whenever ||q||;n < M and either v = 0 or |v| > v.. The coefficient q may be
complex-valued. Hence the Taylor remainders in Corollary 5.2 are uniform on every
strictly smaller disk for these coefficient classes.

Proof. At the origin,
D,(0;9) =v, Ao(0;9) =1,
independently of g. The bounds of Lemma 4.1 imply, uniformly for ||g]|; <
M,
Dy(k;q) =v+ik(1+vR) + O(K*(1 + |v])).
After division by v, the error from 1 is at most C|k|(1 + v;!) for |v]| > v..
Choosing r small proves nonvanishing in that case. Similarly,

Ao(k;q) =i—k(R+Qo(q)) +O(K?)

uniformly on the L!-ball, and a second reduction of r proves the Neumann
assertion. After division by v in the Robin case, the same endpoint estimates
bound the numerator uniformly and the denominator uniformly away from
zero on the chosen circle. In the Neumann case, the reduced numerator and
denominator are both uniformly close to i. Cauchy’s formula on a smaller
circle therefore gives uniform coefficient and remainder bounds. O

12. AN EXACTLY SOLVABLE COMPACT COEFFICIENT

We test the preceding identities on a constant layer. Let

q(x) = qolpr(x),  qo>-1,  c:=+/1+q. (12.1)

On [0, R], the regular solution is

¢v(x,k; q0) = cos(ckx) + % sin(ckx), (12.2)

and
#,(x,k; qo0) = —cksin(ckx) + v cos(ckx).
Proposition 12.1 (Closed form for the constant layer). For k # 0,
_+ kg (ik —v)cos(ckR) + (ck +iv/c) sin(ckR)
Sulkiqo) = e (ik + v) cos(ckR) + (—ck +iv/c) sin(ckR)" (123)

Forv =0, this reduces to

sikr1€os(ckR) + csin(ckR)
q0) = . 12.4
So(kiqo) = e icos(ckR) — csin(ckR) (12.4)
Proof. Substitute (12.2) and its derivative at R into (3.6), and collect the
coefficients of the sine and cosine. Cancelling k when v = 0 gives (12.4). U
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The relevant moments are
o Rit1
Expanding the closed form at the origin yields, for fixed v # 0,

2R3
jw):@%a (12.5)

2i 2
Sy(k,'EI()) = —1 + ;k‘f— ﬁkz

(12.6)
[q0R _ qR* | qR® 175 4
and, at the Neumann endpoint,
So(k; qo) = 1 — 2igoRk — 2g5R?k>
(12.7)

22
+mﬁ<?+§“w®ﬁ+ow)

These are exactly (7.3) and (7.5) after (12.5) is inserted. In particular, the
ordered quadratic moment is necessary for the coefficient 2g3R>/3 in (12.7).

Corollary 12.2 (Checks on the limiting regimes). The closed form (12.3) has
the following properties.
(1) Ifgo = 0, then S, (k;0) = (ik — v)/(ik +v).
(2) Differentiating at qo = 0 gives
asv (k/ %)
9o q0=0

with By as in (9.11).
(3) On the exact transition scale v = ak,

= By(k; 1o g)),

i—« 2igoR
S.u(k; =
(ki o) i+a + (a+1)2
Proof. The first assertion follows from elementary trigonometric factoriza-
tion. The second follows either by direct differentiation or by Theorem 9.3.
The last follows from Proposition 10.3. O

k+ O(K2).

13. CONSEQUENCES, LIMITATIONS, AND APPLICATIONS

13.1. Low-energy moment information. The expansions have a direct con-
sequence for local inverse questions. For v # 0, set

i d
Av(ﬂ) = ﬁ@yv(oﬂﬁ-

Equations (7.4) and (7.5) give

Qlg) = 1500, A=+ B+ L s
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Thus the first Neumann derivative determines the total coefficient, whereas
one boundary-normalized Robin cubic derivative determines a weighted
second moment. For three distinct nonzero values v1, 15, v3, the system

1 2/1/1 1/1/% Q2 AI/1
1 2/, /3] Q] = (A, (13.2)
1 2/1/3 1/1/:’% QO AI/3

is nonsingular. This recovers Corollary 7.3 in a form that makes the data-to-
moment map explicit. No uniqueness result for the full coefficient from a
finite low-energy jet is asserted.

The phase identity gives a complementary order property. If 1,4, are
real and g, — q1 > 0, then every continuous lift of the phase decreases along
the segment joining g; to g2, with the exact difference

©(1) - 0(0) = —5 [ [ "¢z~ a0) () u(x, a1 + s(g2 — 1)) P et
(13.3)

This comparison statement is global along the coefficient segment; it does
not rely on a smallness assumption.

13.2. Scope of the analysis. Compact support is used in two essential
ways. It supplies an exact two-exponential representation beyond R, and it
reduces the scattering coefficient to a quotient of entire endpoint data. Short-
range, noncompactly supported coefficients should admit related threshold
expansions, but their treatment requires estimates for solutions normalized
at infinity and lies outside the present argument. The Taylor series proved
here is local: by Theorem 11.1, its radius is limited by the nearest complex
zero of the reduced boundary denominator.

The Volterra analysis remains valid for complex-valued 4 € L(0,R).
Reality, unitarity, and phase monotonicity do not. The positivity condi-
tion 1 +¢q > c¢p is needed only for the self-adjoint weighted realization
in Section 2; it is not used in the coefficient calculus. For sign-changing
coefficients, the displayed moments may vanish, and the first nonzero
coefficient-dependent term can occur beyond the structural order identified
in Remark 7.2.

The results concern a scalar equation. The convergent Taylor and Born
series are proved for fixed coefficient and endpoint data, while Section 10.1
permits the prescribed frequency-dependent families g and v (k). Its power-
law classification is deliberately restricted to y < 2: at y = 2 the limiting
transfer equation may be resonant, and above that power sign-changing
profiles need not possess a universal limit. Higher-order uniform normal
forms for singular families, matrix-valued systems, and general nonlinear
spectral dependence in the boundary condition are natural further problems.

13.3. Concluding statement. The passage from the regular solution to the
scattering coefficient is finite-dimensional at the endpoint. The Volterra equa-
tion gives convergent series for a single regular solution, and the boundary
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quotient converts those series into an explicit recursion for every Taylor
and Born coefficient. Removing the common factor at v = 0 separates
the Neumann threshold from fixed nonzero Robin data and explains both
the discontinuity of the zeroth-order limit and the change from linear to
cubic coefficient sensitivity. The exact two-potential identity upgrades the
linearization to a finite perturbation formula, and the optimal L' modu-
lus quantifies the uniform fixed-Robin/Neumann crossover. For singular
contrast, the boundary parameter is renormalized by the mean of the lead-
ing profile; if that mean vanishes, the negative quadratic form [ becomes
the leading invariant and shifts the critical exponent from 1 to 3/2. These
threshold laws are formulated entirely through the Sturm-Liouville and
Volterra structure. In one-dimensional reductions of elliptic equations, they
provide computable low-frequency boundary invariants without requiring
additional smoothness of the coefficient.

APPENDIX A. SIMPLEX FORMULAS FOR THE REGULAR COEFFICIENTS

The recursive coefficients in Section 6 admit explicit ordered-integral
representations. These formulas are not needed for analyticity, but they
make the polynomial dependence on g transparent. Put w = 1 + g and, for
m > 1, define the simplex

To(x) :={(t, .. tm) 10 < by < -+ < 1 < x}.

Proposition A.1 (Ordered-integral representation). For m > 1,

puCevg) = ()" [ (=)= k) (s — )
B (A1)
x [ Tw(t;) (14 vty) dty, - - - dby.
j=1
Moreover,
by (v; :—1’“/ t—t) (b1 — tm
i) = (1" [ (=)~ )
m (A2)
x [Tw(t)) (1 + vty) dty - - - dty,
j=1
where the empty product of difference factors for m = 1 equals one.

Proof. By construction,
pm = (=1)"V{"(1 +vx).

Repeated substitution of (4.2) gives (A.1). Differentiation with respect to
x removes the first factor x — #;; evaluating at x = R proves (A.2). The
moving-boundary term vanishes because the removed factor in (A.1) is zero
when t; = x. O
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For g = eV, expand

m m

[Ta+evi) =Y ¥ TIvy.
j=1 =0 1c|{11‘,;2m}jez

It follows that p,,(x;v,€V) is a polynomial in € of degree at most m, and
its coefficient of ¢’ is obtained from (A.1) by inserting the inner subset
sum. Hence the coefficient of k>" in the regular solution involves at most m
interactions with V. This triangular relation is the algebraic compatibility
between the spectral recursion of Theorem 6.2 and the Born recursion of
Theorem 9.2.

Corollary A.2 (Endpoint coefficients as continuous polynomials). For every
m > 0, the maps
g an(v;q), 4 bu(v;q)

are continuous polynomials of degree at most m on L' (0, R). Their homogeneous
components are continuous multilinear integral forms on ordered simplices.

Proof. Expand the product [T(1+¢(%;)) in (A.1)=(A.2). Each term is bounded
by a constant, depending on m, R, v, times Hqu for some 0 < ¢ < m. O

APPENDIX B. A WEIGHTED-SOBOLEV A POSTERIORI ESTIMATE

The original motivation for the project included control of an approxi-
mate solution on the half-line. We give here a corrected functional-analytic
statement. Unlike the preceding L' theory, this appendix assumes

g€ L*”(0,R), g=0 on (R, ), (B.1)

so that multiplication preserves the weighted spaces below.
For B > 0, let

Lg:={f : P f € 1*(0,00)}, (B.2)
Hj := {v: ef0l) € L2(0,00), 0 < j <2}, (B.3)
with their natural graph norms. Fix v # 0 and set
Xg:=CxHj  Yp:=CxLj
For k € C, define
Liq(c,v) := (—ike +2'(0) —v(c+0(0)),
0" + K (1+q)v+Kgce ™). B4
Lemma B.1 (The zero-frequency isomorphism). For v # 0, the map
Lo (c,v) = (¢/(0) —v(c+v(0)),v")

is an isomorphism from Xg onto Yg. Its inverse does not depend on q.
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Proof. Given (g, f) € Yp, set

o(x) i= /xoo(t—x)f(t) dt,  c=v1(0/(0)—g) —0(0).  (BS)

Then v" = f, v and v’ vanish at infinity in the weighted sense, and the first
component equals g. Writing

v(x):/ooosf(vas)ds, v’(x):—/ooof(ers)ds,
Young's inequality with the kernels se #* and e~ #* gives
1o/l < Cpll fllzz- (B.6)
Cauchy-Schwarz similarly bounds v(0) and ¢/(0). Thus
el + llollz < Cpo (I8l + [1£1l12)-

The construction proves surjectivity and the estimate; applying it to (g, f) =
(0,0) proves injectivity.

Theorem B.2 (Small-frequency invertibility). Under (B.1), for every B > 0 and
v # O there are k > 0 and C > 0 such that

]Lk,q : Xﬁ — Yﬁ
is invertible whenever |k| < x, and

el + 1ol < CllLrg (e, 0) v, (B.7)

Proof. The trace map Hﬁ — C? is continuous. Compact support of g, to-
gether with (B.1), gives

1(Lkg = Log) (e 0)llvy < Colll + K1) (el + o] )

for |k| < 1. Lemma B.1 and the Neumann series therefore prove invertibility
for sufficiently small |k|, as well as (B.7). O

Corollary B.3 (Residual control of the coefficient). Let g, B, v satisfy the hy-
potheses of Theorem B.2, let k € R be sufficiently small and nonzero, and let u be

the exact solution normalized by (1.4). Suppose il € H, (0, 00) and S € C satisfy

il — e — Se ™ e HE. (B.8)

Define the differential and boundary residuals
f=u"+K1+q)uel’ (B.9)
g := i’ (0) — vii(0). (B.10)

Then N
1Su(kiq) = S < € (181 + I fllzz) - (B.11)
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Proof. Write

u—1i=ceF 4y, c:=S,(k;q) —S.
The exact exterior identity for u and (B.8) show that v € Hé Subtracting the
exact equation and boundary condition from the approximate ones gives

Liq(c,0) = (=8 —f)-
Estimate (B.11) follows from (B.7). U

Remark B.4. Atv = 0, the map in Lemma B.1 has the one-dimensional kernel
generated by (1,0). This is the weighted-space counterpart of the common
factor removed in (5.6). A uniform Neumann estimate must first separate
that threshold mode; the fixed-Robin estimate above cannot be continued to
v = 0 with a bounded constant.
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